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Let 0 < rm < 1, rm
m <; p for all large m, and let W n = e'2'1T/n , n = 1,2,....

For a function j(z) = L anzn, holomorphic in the open unit disk U, let sn(f) =

(l/n) L:~J(rnwnk), the nth arithmetic mean of f over the circle I z I = rn . We
prove that if p < 1 and an = O(n-"l) for "'1 = 1.728 , then f is uniquely de-
termined by the two-dimensional means s.U), n = I, 2, We also prove that for
each p, 0 < p < 1, there is a nontrivial J. holomorphic in U. such that sn(f) = 0
for n = 1, 2,... with rn = pl/n.

1. INTRODUCTION AND RESULTS

Let U denote the open unit disk I z I < I in the complex plane and H the
space of functions holomorphic in U. Let 0 < rn < I, n = 1,2,... , and con
sider the means

(Ll)

offE H on the concentric circles I z I = rn • In this note, we study the problem
of uniqueness offwhen sn(f), n = 1,2,... , are given. This problem was posed
in [2] and discussed in [I]. It was proved, in particular, that if rn n ~ p,
p ~ t, for all n, and fez) = L anzn with L I an I < 00, then f is uniquely
determined by the sequence sn(f), n = 1,2,.... The condition p ~ t was a
technical one. Here, by using a different method we prove a uniqueness result
for any p, 0 < P < 1. Of course a "smoothness" condition onfis required.
In fact, we also obtain a negative result for each p, 0 < P < 1. We state our
main results in the following theorems.

THEOREM I. Let 0 < rn < I with rnn ~ p < I for all large n. Then there
exists an cx., I ~ CX. < CXI = 1.728... , such that any function fez) = L~=o

anzn, satisfying an = O(n-"p) and sn(f) = 0 for n = 1,2,... , must be iden
tically zero.
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In the above theorem, IXp is uniquely determined by eP(p, IXp ) = 2p, where

00 zn
eP(z, s) = I nS

n~l

(1.2)

is the so-called polylogarithm function (cf. [3,4]). In particular, (Xl satisfies
'(1X1) = 2 where , is the Riemann zeta-function. Calculation gives (Xl =
1.728.... As a simple consequence of the above theorem, we have

COROLLARY I. Let 0 < rn < I with rnn ~ 0.79 for all large n. Then any
function j(z) = L:~o anzn, satisfying an = o(n-l) and sn(f) = 0 for n =
1,2,... , must be the zero function.

On the other hand, we have the following negative result.

THEOREM 2. Let 0 < P < I be given and rn = pl/n. Then there exists a
complex number fJ = fJ(p) such that the function j(z) = eP(z, fJ) satisfies
sn(f) = Ofor all n, n = 1,2,....

2. PROOF OF THE MAIN RESULTS

We first prove the following:

LEMMA. Let C = (Ci,;), i,j = 1,2,... , be an upper triangular matrix with
nonzero diagonal elements. Suppose that for some (X ~ 0,

00

I I Ck.j 1j-~ ~ k-~ I Ck,k I,
j=k+1

k = 1,2,.... (2.1)

Then for every b = (bl ,b2 , ... ,y satisfying bn = o(n-~) and Cb = 0, b = O.

Proof Suppose b #- O. Since n~bn - 0, there exists a k such that k~ 1 bk I

is maximum. We pick the largest such k, so that k~ I bk 1 > n~ 1 bn 1 for all
n > k. Hence, since Cb = 0 and Ck,k #- 0, we have

00 00

1 Ck,k I I bk I ~ I I Ck,j I I bj I < k~ 1 bk I I I Ck,j 1 j-'''.
j~k+l j~k+l

This is a contradiction to (2.1).
We can now prove Theorem 1. Without loss of generality, we assume that

rnn ~ p for all n. Let j(z) = L anzn be in H satisfying an = o(n-~p) and
n = 1,2,.... As in [1], it can easily be shown thatj(O) = ao = 0, and

00

sn(f) = I r~kank'
k~l

(2.2)
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Hence, a = (al , a2 ,...)T satisfies the equation Co = °with C = (ck,j) and

if k -r j

if k Ij.

Since ep(x, r:ip)!x is monotone increasing in x, and r/ ~ p for all k, we have
ep(r/, r:ip)!rkk ~ ep(p, r:ip)!p = 2. Thus, we have

00

L r~tt-~P ~ rkk
t~2

or

00

L r~t(ktr~p ~ k-~pr/,

t=2

which is (2.1) with r:i = r:ip. Hence, a = 0, orf- 0, by the above lemma.
To prove Corollary 1, we observe that ep(x, I)!x = - [Iog(I - x)]!x = 2

for x = 0.79.... Hence, as above, if rn
n ~ 0.79, then ep(rn

n, 1) < 2rn
n , which

gives (2.1) with r:i = 1.
To prove Theorem 2, we set rn = pl(n where p is any given positive number

less than I. For this fixed p, it was shown in [3] that the polylogarithm
function ep(p, s) has many complex zeros. Let fJ = fJ(P) be one of them, and
define fez) = ep(z, fJ). We have

00 t 1
sif) = 6. (:t)B = nB ep(p, fJ) = °

for all n = 1,2,....
We remark that from [3], Re fJ(P) < I and we can choose fJ(P) such that

fJ(p) ~ 1 as p~ 1-.
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